During financial crises equity portfolios have suffered large losses.
Introduction
Portfolio selection with controlled downside risk is a problem of acute practical interest. Large losses in financial portfolios are more frequent and larger than expected under the classical Markowitz (1952) framework. This is due to the non-normality of asset returns and has been recognized since Mandelbrot (1963) . Portfolios composed using the classical "normal" mean-variance portfolio optimization are subject to potential large losses originated by the fat-tailedness of asset returns. Our contribution is to evaluate the economic value of taking into account the possibility of large losses in portfolio selection.
In the existing literature one stream of research investigates the effect of the inclusion of higher moments in portfolio allocation. A problem with this approach is that it requires the estimation of possibly many higherorder cross-moments; see Martellini and Ziemann (2010) for a recent reference. Another approach focuses on constraining the portfolio downside risk via VaR or another risk measure; see for instance Alexander and Baptista (2002) . This literature focuses mostly on probabilistic properties and estimation methods rather than on the economic significance of using large losses as a criterion in portfolio selection.
The concept of limiting downside risk goes back to Roy (1952) who introduced into portfolio selection the principle of safety-first. Roy used the first two moments of the assets return distribution to limit the probability of a disastrous loss. The study of portfolio selection for safety-first investors used the assumption of normally distributed asset returns for some time. An essentially distribution free approach was taken by Arzac and Bawa (1977) who used VaR as a downside risk measure. A later paper on portfolio allocation with safety-first without the normality assumption is Gourieroux et al. (2000) who use a non-parametric estimate of the full distribution of the asset returns. Jansen et al. (2000) concentrates on estimating the portfolio fat-tail distribution using the safety-first principle combined with statistical extreme value theory to limit downside risk.
These criteria for portfolio selection, based on the tail properties of the asset return distribution, often choose a corner solution, meaning that they put most weight on the asset with the thinnest tail. This has been observed by, for instance, Jansen et al. (2000) , Hartmann et al. (2004) and Poon et al. (2003) . The theoretical explanation for this is in a result from Geluk and de Hann (1987) . They show that the tail-heaviness of the convolution of heavy-tailed variables is determined mainly by the variable with the heaviest tail. Corner solutions are a serious drawback in the use of heavy tail modeling with the safety-first principle. Hyung and de Vries (2007) attempt to overcome the corner solution problem by using a second order expansion at infinity of the asymptotically Pareto tail probability. We take a simpler route. We choose the portfolio with the thinnest tail among the set of possible efficient minimum variance portfolios. With this criterion, on the one hand we do not lose the diversification effect of mean-variance portfolios in "normal" times; on the other hand we keep the probability of large losses under control for the abnormal "heavy-tailed" market times.
In order to evaluate the economic value of controlling for the probability of a portfolio large loss we consider a mean-variance investor who is not willing to ignore the risk of a large loss. We suppose that the possible investment alternatives are the set of possible efficient minimum variance portfolios formed in a universe of assets. We opt for using minimum variance portfolios because there is evidence (see for instance Brandt (2009)) that due to the difficulty of estimating the mean portfolio return, minimum variance portfolios can actually perform better than tangency mean-variance portfolios.
Our investor chooses from among these minimum variance portfolios the one with the smallest probability of incurring a large loss. With this approach we avoid the corner solution problem arising from using the safetyfirst principle with extreme value modeling. At the same time our approach inherits the diversification effect from the mean-variance construction.
For the estimation of the probability of a portfolio large loss we use a semi-parametric estimator introduced by de Haan and de Ronde (1998).
The advantage of this estimator is that it does not assume any particular parametric family for the dependence structure between large losses on the assets that form the portfolio. This is a clear statistical advantage when estimating the probability of events for which the number of observations is by definition small.
The data for our analysis consist of monthly returns on the constituents of the Dow Jones Industrial Average. We consider as a benchmark an investor who chooses the global minimum variance portfolio among the possible investment alternatives. For comparison we also consider a strategy where the minimum VaR portfolio is chosen. To evaluate the appropriateness of the semi-parametric estimator we use as an alternative a standard extreme value parametric tail estimator.
Our results indicate that the strategies that control for the probability of a large loss outperform the pure global minimum variance portfolio strategy, where the performance is measured by the Sharpe and Sortino ratios.
We also find that an investor would pay a positive fee to change from the global minimum variance strategy to a strategy which controls for the tail probability. Further, the use of the semi-parametric estimator outperforms both the use of a standard extreme value parametric tail estimator and the minimum VaR strategies. These results are robust to transaction costs.
The organization of this paper is as follows. In Section 2 we describe the methodology that we use in our study. In Section 3 we present our empirical study and the results obtained. Section 4 concludes the paper.
Methodology
Our methodology for evaluating the economic value of controlling for large losses in portfolio allocation is to calculate the effect of taking into account the probability of a large loss on the performance of portfolios. Our universe of assets is the set of stocks that form the Dow Jones Industrial Average (DJIA). Starting in October 1991, using data since February 1973, every month we form portfolios with all the possible combinations of three different assets. We use portfolios of three assets for computational ease and because the portfolio diversification effect is largely attained with few assets as reported in Solnik (1995) .
We present the results of using four strategies. The first is a benchmark strategy. For each three asset combination we calculate the global minimum variance efficient portfolio. From among all the global minimum variance portfolios we choose the one with the smallest variance. For the second strategy, we estimate the probability of a large loss over one month for each of the minimum variance portfolios using a semi-parametric estimator.
The strategy consists of choosing the minimum variance portfolio with the smallest probability of a large loss. We call this strategy the minimum large loss strategy. In the third strategy, we compute the tail-heaviness of each minimum variance portfolio using a parametric tail-index estimator, then we choose the portfolio with the thinnest losses tail (lower tail-index). Finally, in the fourth strategy we choose the portfolio with the minimum VaR. In this strategy we assume multivariate normality. The returns distribution is usually misspecified under this assumption but the VaR estimator has a closed form expression. If this strategy were to perform better we could conclude that specification error is less of a problem than estimation error.
For all strategies we assume that short-selling is not allowed and that the investor can not hold cash in the portfolio. These assumptions seem reasonable in many practical cases. We keep the weights of the portfolios constant for one month and after one month we recalculate the four portfolios according to each strategy using the previous 224 months of data. We continue with the four strategies until June 2010. We obtain 224 out-ofsample monthly returns for each strategy. We evaluate the performance of each strategy implied by these returns and compare the results.
The global minimum variance portfolio (Strategy 1)
Our benchmark strategy is the classical Merton (1972) global minimum variance portfolio on the efficient mean-variance boundary. For a number of n securities, the minimum variance portfolio weights are the elements of the vector w σ ,
where 1 is the n×1 unit vector and Σ is the n×n variance-covariance matrix of the portfolio asset returns. The reasons why we choose as a benchmark the minimum variance portfolio are first that we want to avoid our results of being driven by the expected value of the asset returns, and second that our goal is exactly to measure the economic value of minimizing the risk of the portfolio.
2.2 Estimation of the probability of a large loss (Strategy 2)
In our second strategy we follow a semi-parametric approach to estimate the probability of a portfolio large loss. Concretely, we use a semi-parametric estimator for estimating the probability of large events, introduced by de Haan and de Ronde (1998) Here we summarize briefly how to estimate the probability of portfolio large losses using this estimator. For a detailed statistically orientated exposition and implementation see Dias (2009) .
Denote by R i the random variable representing the monthly returns on asset i. The portfolio return R p is the weighted average of the individual asset returns,
where d is the number of assets in the portfolio and w i is the weight of asset i. We want to estimate the probability of a portfolio return loss being larger than a given value L 1 .
There is a set C of possible (multivariate) asset returns whose realization implies a portfolio return loss larger than L. C is a set of d-dimensional asset returns. Estimating the probability of a portfolio loss larger than L is equivalent to estimating the probability of having a (d-dimensional) realization of asset returns in C.
Given that portfolio large losses are not often observed there are few observations from historical data in the set C. This is the main challenge in estimating tail probabilities. We approach it using a theoretical result from de Haan and Resnick (1977) . This result shows that, under conditions usually seen in practice, there is a relation between the probability of a portfolio large loss and the probability of a portfolio small loss. As small 1 Typically L corresponds to a quantile of the portfolio losses distribution of 90% or higher.
losses are not uncommon in a portfolio, we can estimate its probability more reliably. de Haan and Resnick (1977) show that the two probabilities are related by a multiplicative constant that we can also estimate. If we know the relation between the probability of small and large losses then we can obtain an estimate for the probability of a portfolio large loss.
In this approach, in order to estimate the probability of a portfolio large loss, we standardize the individual asset returns. Given that we are interested in tail observations, the standardization is done with the parameters of the distribution of the asset maximum return. Specifically, the standardized returns, for each asset i, are given
is the shape parameter (tail index), and b and a are respectively location and scale parameters of asset i returns. The parameters γ, b and a must be estimated. We follow here de Haan and de Ronde (1998) for estimating them. The estimators are reported in the Appendix. The set of asset returns belonging to C, after being standardized, is denoted by cA, where c is a positive scalar and A is a d-dimensional set. The standardized asset returns in cA correspond to portfolio large losses, and if c is large, the returns in A correspond to "not so large" portfolio losses.
Historical observations in A are not scarce and we can estimate its probability,p(A). For this, we use the estimatorp proposed by de Haan and
whereR t are all the observed (d-dimensional) standardized asset returns, n is the number of historical observations, I(·) represents the indicator function and k is the number of upper-order statistics used to estimate the shape parameter γ. We use k = 0.2 × n. For a discussion on the choice of k in the context of portfolio large returns see Dias (2009) and references therein.
Given the standardization performed on the asset returns, the expected value ofR i is one. Hence, if the boundary 2 of the set A contains the unit vector then the set A has a significant proportion of the historical observations and we can obtain a reliable estimate of its probability. This motivates the definition of the constant c given in Dekkers et al. (1989) . c is uniquely defined as the scalar such that the unit vector is on the lower boundary of A; see Appendix.
From de Haan and Resnick (1977) we have the following estimator for the probability of a portfolio large loss:
2.3 Parametric estimation of the portfolio tail heaviness (strategy 3)
The semi-parametric estimator described in the previous section takes into account the characteristics of all the univariate asset returns distributions.
2 For a precise mathematical exposition see Dekkers et al. (1989) .
We want to investigate whether there is economic value in using information from the individual assets to estimate the probability of a portfolio large loss. To do this we compare the performance of the portfolios found using the semi-parametric estimator (strategy 2) with the performance using a univariate maximum likelihood estimator of the portfolio tail-heaviness (strategy 3). This estimator uses information from the univariate distribution of the portfolio returns and not directly the individual assets distributional characteristics. We call this the minimum tail-index strategy.
We use the so-called peaks-over-threshold (POT) method which is perhaps the most popular statistical method for estimating the tail heaviness of a random variable. For an application in finance see for instance Longin and Solnik (2001) . The POT method is based on a theoretical result from Balkema and de Haan (1974) and Pickands (1975) .
Let R denote the portfolio returns variable with distribution function The upper end point of the density function associated with F R is denoted by x F . In the case of a normally distributed random variable, for instance, x F = +∞. The extremes of the variable are defined in terms of the exceedances over a threshold u < x F . The excess distribution function of the random variable R over the threshold u is F u (x) = P (R − u < x|R > u),
x ≥ 0. For statistical purposes we use the following result from extreme value theory that gives an approximation for the distribution function of the exceedances. Balkema and de Haan (1974) and Pickands (1975) show that there exists a unique non degenerate limit distribution, G ξ,β , such that
The limit distribution G ξ,β is the generalized Pareto distribution and has the form
where x ≥ 0 if ξ ≥ 0 and 0 ≤ x ≤ −β/ξ if ξ < 0. ξ is the tail heaviness parameter and β is a parameter depending on u. Distributions with a power tail (heavy tailed distributions as the Student-t for instance) have ξ > 0, distributions with exponential tail (thin tailed distributions as the normal distribution) have ξ = 0 and distributions with a finite tail (as the uniform distribution for instance) have ξ < 0. We estimate the parameters of the distribution by maximum likelihood. More details about the statistical procedure can be found for instance in Embrechts et al. (1997) .
The minimum VaR portfolio (strategy 4)
In the spirit of mean-variance analysis, Alexander and Baptista (2002) Let n ≥ 2 be the number of securities. The n × 1 vector of expected returns of each asset is denoted by µ and Σ is the n × n variance-covariance matrix of the asset returns. In order to give the minimum VaR portfolio we need to define the following constants:
, where 1 is the n × 1 unit vector. Let Φ be the distribution function of a univariate standard normal variable. The minimum VaR portfolio at the 100t% confidence level, with t ∈ (1/2, 1) and
, is given by
where g and h are the n × 1 vectors
The point t * is such that Φ(−t * ) = 1 − t.
Measurement of the economic value
To measure the value of incorporating the probability of large losses in portfolio selection we compare the performance of the strategies that use the tail probability to that of the minimum variance strategy. Chamberlain (1983) shows that if asset returns have an elliptical distribution then the mean-variance approximation of the expected utility is exact for all utility functions. Even without assuming ellipticity we can use quadratic utility as a second order approximation to the investor's true utility function. In this case the realized utility at time t is
where W t is the investor's wealth at time t, α is his absolute risk aversion and R p,t is the portfolio return for period t. For comparison purposes between strategies we assume that αW t is constant which implies a constant relative risk aversion γ = αW t /(1 − αW t ). We use the values of γ = 1 and γ = 10 in our analysis.
We estimate the expected utility using the average realized utility. The value of a strategy is estimated by equating the average realized utilities for the two alternative strategies. We suppose that holding a portfolio other than the minimum variance portfolio subject to expenses δ yields the same average utility as holding a minimum variance portfolio. An investor should be indifferent between these two strategies. Hence, δ is the maximum fee that an investor would be willing to pay to switch from a minimum variance portfolio to the alternative strategy. If δ is expressed as a fraction of the initial wealth invested, δ solves the following equation:
where R p,t and R s,t denote the returns on the minimum variance portfolio and on the alternative strategy portfolio, respectively.
Data and empirical results
The data used in our study is collected from In each month, from November 1991 until June 2010, we compute all the minimum variance portfolios for the 2,024 possible combinations of 3 different stocks from the 24 stocks available. From these 2,024 minimum variance portfolios we choose three portfolios, one according to each of the first three strategies: the portfolio with the smallest variance, the portfolio with the lowest probability of a portfolio loss larger than 0.10 (using the semi-parametric estimator), the portfolio with the smaller loss tail-index (using the classic parametric estimator). For the fourth strategy we calculate the 2,024 minimum 90% VaR portfolios and choose the one with smallest
VaR.
After one month we calculate the monthly portfolio returns and we adjust the composition of each of the four portfolios, using the previous 224 months of data. We repeat the procedure until June 2010, obtaining 225 portfolios and 224 portfolio returns for each strategy. The analysis of these (out-ofsample) portfolio returns follows.
Portfolio returns analysis
We split the period from November 1991 until June 2010 into four subperiods with equal length. We perform the analysis and report the results for each of these subperiods as well as for the entire period.
The annualized mean realized return is reported in Table 1 . We observe that the average return varies considerably across the different subperiods.
The highest average for the entire sample is obtained by the minimum large loss strategy as well as in three of the four subperiods.
We do not report the standard deviation but rather the semi-standard deviations 4 because we are interested in breaking down the negative and the positive portfolio risk and performance. For all four strategies the results are good in the sense that the negative semi-standard deviation is smaller than the positive semi-standard deviation for the entire sample and for most of the subperiods. The negative semi-standard deviation for the minimum large loss and minimum tail-index strategies are higher than for the minimum variance strategy. This is consistent with results from Dittmar (2002) , Harvey and Siddique (2000) and Mitton and Vorkink (2007) where investors are shown to be willing to accept a lower expected return and higher volatility 4 Recall that the positive semi-variance is estimated by
where T is the number of observations. compared to the mean-variance benchmark in exchange for higher skewness.
In terms of formal measures of performance we report the Sharpe ratio and the Sortino ratio. The riskless rate used to calculate the Sharpe ratio is the one-month US-Treasury bond rate. The minimum large loss strategy attains the best Sharpe ratios in all cases except for the period 03/2001-10/2005. These results are confirmed by the Sortino ratios (calculated with a minimum acceptable return equal to the riskless rate). Given that the Sortino ratio penalizes specifically the returns below the minimum acceptable return our results indicate that reducing the probability of large portfolio losses have an effect on controlling for downside risk.
[Insert Table 1] Although the minimum large loss strategy does not have the lowest negative semi-standard deviation, neither does it produce the lowest returns.
We see in Table 2 that the minimum tail-index strategy has the lowest returns in the entire sample and in two of the subperiods. Also, the minimum tail-index strategy attains a minimum return lower than the minimum large loss strategy in four out of the five periods (including the entire sample).
This is an indicator of the greater power of the semi-parametric estimation compared with the classic parametric estimation of the loss tail in terms of portfolio selection. We observe that, with the exception of the last subperiod, the maximum return is substantially larger using the minimum large loss strategy. On the one hand, this is not surprising when compared with the minimum variance strategy where by construction the positive part of the volatility is also minimized. On the other hand, this result shows that minimizing the probability of a large loss instead of the variance has also an effect on the positive portfolio returns.
We report in Table 2 the realized frequency of negative returns. Differences between the different strategies are not so great. The strategy with the lowest frequency is the minimum large loss strategy mainly due to a substantially lower realized frequency in the subperiod 11/1991-06/1996.
We also list in Table 2 the skewness and the kurtosis of the realized portfolio returns. It is noticeable that the minimum large loss strategy has the most positive skewness, which agrees with the fact that it has the largest maximum return. Also in line with this fact is the high kurtosis that the minimum large loss strategy attains in the second and fourth subperiods.
The lowest kurtosis is attained by the minimum variance and minimum VaR strategies in the subperiod 11/1991-06/1996 . Note that this subperiod has the smaller difference between maximum and minimum realized portfolio returns.
[Insert Table 2 ] 
Economic value
We evaluate the economic value of each strategy by calculating, using equation (6), the fee that an investor with constant risk aversion would be willing to pay to change from the minimum variance strategy an alternative strategy.
The results reported in Table 1 , columns δ 1 and δ 10 , suggest that incorporating tail information in portfolio selection implies substantial differences in the out-of-sample portfolio returns. There are also differences between the strategies. We first look at the results for an investor with γ = 1.
For the entire sample the minimum large loss and minimum VaR strategies present gains relative to the minimum variance strategy of 2.62% and 0.75%
respectively. These values are economically significant in accordance with the literature. In the first subperiod the three strategies produce a positive fee where the minimum large loss strategy has the highest gain and the VaR strategy the lowest. In the second period the VaR strategy presents a loss of 2.06%. In the third subperiod only the VaR strategy has a gain. In the last subperiod only the minimum large loss strategy has a gain, 4.98%. The relative results between strategies for an investor with a constant risk aversion γ = 10 are similar to an investor with γ = 1.
Overall, the minimum large loss strategy performs best, followed by the minimum VaR strategy. The poorer performance of the minimum tail index strategy is probably due to loss of information. The minimum tail-index strategy models the tail of the univariate portfolio return distribution while the other two strategies use information from all the individual stocks in the portfolio.
Portfolio weights analysis
In order to analyze the portfolio weights we define two variables: the minimum portfolio weight in each portfolio and the maximum portfolio weight in each portfolio. We calculate the average and the standard deviation of the minimum and of the maximum weight for the entire sample and for the four subperiods. The results, reported in Table 3 , show that the minimum large loss strategy has the lower minimum and the larger maximum in all subperiods. Safety-first strategies, based only on minimizing the tail probability, are known to produce portfolios where most of the weight is in the stock with smaller loss probability (see for instance Jansen et al. (2000), Hartmann et al. (2004) and Poon et al. (2003) ). Here this does not happen. Our two stage procedure of choosing the minimum variance portfolio with the smallest probability of a large loss avoids corner solutions for the portfolio weights. As a consequence the portfolio keeps both the variance diversification effect and a small probability of a large loss.
[Insert Table 3 ] 
Robustness to transaction costs
We evaluate the effect of transaction costs on the performance of the different portfolios by supposing that there is a fixed transaction cost c on each traded dollar for any stock. We assume that c includes transaction fees, commissions and bid-ask spread. The total transaction cost is a function of the turnover rates of all the stocks in the portfolio.
Denote the portfolio weights at the beginning of month t, after choosing the new portfolio, by the d × 1 vector w t and the assets' returns on month t by the d × 1 vector R t , where d is the number of assets in the portfolio.
The weight of stock i in the portfolio during month t is w i,t and the return on stock i on month t is R i,t . The portfolio return in month t is R t w t .
The turnover rate in month t, after choosing the new portfolio, is
In Table 4 we report the average turnover rate for the four strategies.
We observe that the minimum VaR and minimum variance strategies have the lowest turnover rates. The minimum large loss strategy has the highest turnover rates. That means that this strategy will be more expensive to implement due to higher transaction costs. Hence, we analyze the effect of transaction costs on the economic value of each strategy.
The total transaction cost in month t per dollar invested is c T O t . The portfolio return net of transaction costs on month t is R t w t − c T O t . We assume a transaction cost of c = 20 basis points and use (6) to calculate the fee that an investor would be willing to pay to change from the minimum variance strategy to one of the others. The results are given in Table 4 . The minimum large loss strategy continues to have gains in all periods but one, the same as the case without transaction costs. The minimum tail-index and minimum VaR strategies have a positive fee only in the first subperiod 11/1991-06/1996.
We conclude that the minimum large loss strategy presents the highest gains when changing from the minimum variance strategy even when transaction costs are taken into account.
[Insert Table 4 ]
Conclusion
It is well known that the mean-variance approach to portfolio selection does not take into account the large losses that are observed in the market. Even when constraining the portfolio selection by minimizing the downside risk, if multivariate normality is assumed, the potential portfolio large losses are still most likely to be underestimated. To overcome this shortcoming researchers have included higher moments in portfolio selection, or estimated portfolio large losses using extreme value theory. The first approach quickly becomes unfeasible because a large number of cross-moments has to be estimated; the second approach usually yields corner solutions where most of the portfolio weight is on the asset with the thinnest tail. These approaches leave still unanswered the question of the economic value of taking large losses into account in portfolio selection.
Our study shows that minimum variance portfolios with lower probability of portfolio large losses outperform minimum variance portfolios. We find that with this methodology we avoid corner solutions and that an investor is willing to pay a positive fee to change from a minimum variance to a minimum variance with low probability of large losses strategy.
Using a semi-parametric estimator for the probability of a portfolio large loss leads to a best ex post performance when compared with portfolio selection using a classical parametric (univariate) portfolio tail estimator. This result is explained by the fact that the semi-parametric estimator uses directly information from all the portfolio components while the classical estimator uses only information from the univariate portfolio distribution.
The minimum VaR strategy performance lies between the other two tail estimation portfolio strategies. On the one hand VaR uses information from all the assets in the portfolio. On the other hand, it underestimates the probability of large losses because it assumes (in our study) multivariate normality.
Using the semi-parametric estimator for the probability of a portfolio large loss produces strategies with higher turnover rates associated with higher transaction costs. Nevertheless, when transaction costs are included our results show that an investor would still be willing to pay a positive fee of 24 to 49 basis points per year to change from minimum variance to a minimum large loss strategy.
Appendix
Here we present the estimators used to compute the parameters a, b, γ, c and k involved in the estimation of the probability of a portfolio large loss in Section 2.2.
Consider a finite random sample with size n of univariate asset returns R 1 , R 2 , . . . , R n . If we denote the ordered sample returns as
is called the kth upper-order statistic.
The shape parameter (tail index)
Define the function,
for r = 1, 2. The so-called moment estimator of the shape parameter γ (Dekkers et al. (1989) ), is given bŷ
This is a consistent estimator of the shape parameter. Under an additional technical condition (Dekkers et al. (1989) ) we have that if γ ≥ 0 then √ k(γ − γ) has asymptotically a normal distribution with mean zero and variance 1+ γ 2 . For the case γ < 0 (less common in finance applications) the distribution of the statisticγ has a more complex expression (see Dekkers et al. (1989) ).
The normalizing constants
To estimate the normalizing constants a and b, the parameters of the univariate extreme value distribution, we use estimators studied by Dekkers et al. (1989) . Define the functionst, ρ 1 and ρ 2 as t = t ∧ 0 , ρ 1 (t) = 1 1 −t and ρ 2 (t) = 2 (1 −t) (1 − 2t) .
Then, the estimators for a and b arê
5.3 The scaling constant c and the set A
To calculate the probability of observing large joint movements in a set C, for some loss L, we need to estimate the scaling constant c and the set A.
We have to impose a condition in order to have c and A uniquely defined.
We need A to have enough observationsR so that we can use the nonparametric estimator (2). Given thatR are standardized observations with unit mean, this happens if we impose the requirement that the unit vector 1 is on the boundary of A (Dekkers et al. (1989) ).
Given a set C, for some L, we can always define a function f * (R) such
Each point R in the set of large losses can be written as the transform of a pointR by the inverse mapping ofR :
At this point we assume that the function f * is defined for the case when all returns take the same value. This assumption should not be too restrictive in practice. Hence, from the definition of the function f * there exists a value
x such that R = (x, x, . . . , x) is solution of the equation f * (R) = 1 which is equivalent to the existence of a value c such that c.1 is a solution of the equation
For this c the unit vector is on the boundary of A. Since we have only estimates of a, b and γ we can find only an estimateĉ of c as the solution of f * (â((c1)γ − 1)/γ +b) = 1.
Finally, given that cA is the set of asset returns belonging to C after being standardized, we definê
as the estimator of A. For the entire sample and four subperiods we summarize in this table the ex post performance of each of the strategies. We report the annualized realized mean return (µ), the annualized realized negative (positive) semi-volatility (σ − (σ + )), the realized Sharpe ratio (RS), the realized Sortino ratio (SoR) and the average annualized percentage fee (δγ)
that an investor with constant risk aversion of γ = 1 or γ = 10 would be willing to pay to change from the minimum variance strategy to each of the other strategies considered. The table illustrates the distribution of the assets weights in each portfolio. We present the mean and the standard deviation of the minimum and maximum asset weights in each portfolio. Stdev stands for standard deviation. In this table we report the average turnover rate and the average annualized percentage fee (δγ) that an investor with constant risk aversion of γ = 1 or γ = 10 would be willing to pay to change from the minimum variance strategy to each of the other strategies considered.
